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Abstract
In this paper, we establish several new Schla¨fli-type mixed modular equations of
composite degrees. These equations are analogous to those recorded by Ramanujan
in his second notebook. As an application, we establish several new explicit values
for the Ramanujan-Weber class invariant Gn for n = 12,48,51,57,3/4,3/16,3/17 and
3/19.
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1 Introduction
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an(n+1)/2bn(n−1)/2, |ab| < 1.
By, Jacobi’s fundamental factorization formula the above identity f (a,b) takes the form
f (a,b) = (−a;ab)∞(−b;ab)∞(ab;ab)∞.
The special cases of theta-functions f (a,b) are defined as:




















zn, 0 ≤ |z| < 1,
where a, b, c are complex numbers, c , 0,−1,−2, . . ., and
(a)0 = 1, (a)n = a(a+1) · · · (a+n−1) for any positive integer n.
Now we recall the notion of modular equation. Let K(k) be the complete elliptic integral of





















ϕ2(q), (0 < k < 1) (1.3)
and set K′ = K(k′), where k′ =
√
1− k2 is the so called complementary modulus of k. It is
classical to set q(k) = e−piK(k′)/K(k) so that q is one-to-one and increases from 0 to 1. In the
same manner introduce L1 = K(`1), L′1 = K(`
′








holds for some positive integer n1. Then a modular equation of degree n1 is a relation
between the moduli k and `1 which is induced by (1.4). Following Ramanujan, set α = k2
and β = `21. We say that β is of degree n1 over α. The multiplier m, corresponding to the








for q = e−piK(k′)/K(k).
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Let K, K′, L1, L′1, L2, L
′
2, L3 and L
′
3 denote complete elliptic integrals of the first kind cor-








δ and their complementary moduli,




























δ that is induced by (1.6). We say that β, γ and δ are of degrees n1, n2 and n3 respectively
over α. The multipliers m = K/L1 and m′ = L2/L3 are algebraic relation involving α, β, γ
and δ.
In [12], L. Schla¨fli established relations between P and Q, where
P := 21/6
[




for β having degrees 3, 5, 7, 9, 11, 13, 17 and 19, respectively over α. Such modular equa-
tions are referred as Schla¨fli-type modular equations involving two moduli. On pages 86
and 88 of his first Notebook [13], Ramanujan recorded a total of 11 Schla¨fli-type mod-
ular equations for composite degrees involving four moduli. K. G. Ramanathan [11] ob-
served that one of these equations follows from a modular equation recorded by Ramanu-
jan. But these equations was proved by Berndt [5] using the theory of modular forms. N.
D. Baruah [1] and [2], proved these equations by deriving some theta-function identities
from Schro¨ter’s formulae. In the process, he also obtain three new Schla¨fli-type mixed
modular equations. K. R. Vasuki and T. G. Sreeramurthy [14] have established certain new
Ramanujan’s Schla¨fli-type mixed modular equations, by employing Ramanujan’s modular
equations and Schla¨fli modular equations. Recently, M. S. Mahadeva Naika and K. S. Bairy
[9] have established several new Schla¨fli-type mixed modular equations.
Motivated by these works in this paper, we establish several new Schla¨fli-type mixed
modular equations for composite degrees involving four moduli. In Section 2, we collect
the identities which are useful in deriving our main identities. In Section 3, we establish new
Schla¨fli-type mixed modular equations for composite degrees 1,3,n and 3n for n= 3,4,9,17
and 19. In section 4, we evaluate some explicit values of the class invariantGn. We conclude
the introduction by recalling some definitions and notations, which will be used in the
sequel.
Ramanujan-Weber class invariant is defined by
Gn := 2−1/4q−1/24χ(q), (1.8)
where χ(q) := (−q;q2)∞, q = e−pi
√
n, n is any positive rational number.
In view of [3, Entry 12(vii), Ch. 17 p. 124]
χ(q) = 21/6{α(1−α)/q}−1/24, (1.9)
the class invariant Gn becomes
Gn := {4α(1−α)}−1/24 and Gr2n := {4β(1−β)}−1/24, (1.10)
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where β is of degree r over α.
We set,





















In this section, we collect all the identities which play a vital role in proving our main
results.



















































Lemma 2.3. [3, Ch. 19, Entry 5(xii), p. 231]













































+20 = 0. (2.5)
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3 Schla¨fli-type mixed modular equations
In this section, we establish several new Schla¨fli-type mixed modular equations.





























































































































The equation (2.3) can be written in the form

























Using the equations (3.6) and (3.7) in (3.8) after squaring both the sides, we deduce that
s(ab−av−bu+uv−a+11b+u−11v+25) = t(6u−6a−2b+2v+8). (3.9)
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Using the fact that a :=
T 6
Q6
and b := Q6T 6 in the equation (3.12), we get
(
Q12T 9+Q12T 6−Q6T 12+Q12T 3−10Q6T 9−20Q6T 6−10Q6T 3+T 9−Q6
+T 6+T 3
) (
Q12T 9−Q12T 6+Q6T 12+Q12T 3−10Q6T 9+20Q6T 6−10Q6T 3
+T 9+Q6−T 6+T 3
) (
Q24T 18−Q24T 12+18Q18T 18+Q12T 24+Q24T 6−T 12





We see that the first factor of the above equation (3.13) vanishes for the specific value of
q := e−pi and the other factors do not vanish. Hence we arrive at (3.1). 
Proof of (3.2). The equation (2.4) is solved for V , we get
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and A2 := x2−4.
Similarly,












































Now collecting the terms containing A on one side of the above equation (3.16) and squaring
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on both the sides, we get
























We see that the first factor of the above equation (3.18) vanishes for the specific value of




arrive at (3.2). 























−20 = 0. (3.19)
Eliminating R from the equations (3.19) and (3.2), we arrive at (3.3).
Interchanging β and γ in the equation (3.2), we arrive at the equation (3.4). 





























































































































































































































































































































































































































































































































Since the proof of the Theorem (3.2) is similar to the proof of the Theorem (3.1), we omit
the details.





























































































































































































































































































































































































































































































































































































































































































































































































































Since the proof of the Theorem (3.3) is similar to the proof of the Theorem (3.1), we omit
the details.



























































































































































































































































































































































































































































































































































































































































































































Since the proof of the Theorem (3.4) is similar to the proof of the Theorem (3.1), we omit
the details.























































































































































































































































































































































































































































































































































































































































































































































































































































































Since the proof of the Theorem (3.5) is similar to the proof of the Theorem (3.1), we omit
the details.
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4 Explicit Evaluations of Gn
In this section, we evaluate some new values for the class invariant Gn for n = 12,48,51,
57,3/4,3/16,3/17 and 3/19. For details on this notation and the link to class invariants and
the work of Ramanujan one can see [5].





























































































Proofs of the equations (4.1) and (4.2). In the equation (3.21), using the definition of class






. Now by setting n =
1/12 and using the fact that Gn =G1/n, the equation (3.21) reduces to
(32M6−176M3−1)(2M−1)2(4M2+2M+1)2(64M6−88M3+1)2




We see that the first factor of the above equation (4.5) vanishes for the particular value of
q = e−pi
√
1/12, hence we deduce that
32M6−176M3−1 = 0. (4.6)















. By setting n = 1/12 and using the fact that Gn = G1/n, the
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equation (3.20) reduces to
(Q8+8Q6−36Q4+8Q2+1)(Q4+4Q2+1)2(Q4−3Q3+Q2−3Q+1)2





We see that the first factor of the above equation (4.8) vanishes for the particular value of
q = e−pi
√
1/12, hence we deduce that
x2+8x−38 = 0, (4.9)




Solving (4.9) for x, we find that
x := −4+3√6, −4−3√6. (4.10)











Now combining the equations (4.7) and (4.12), we arrive at (4.1) and (4.2). 
Proofs of the equations (4.3) and (4.4). By setting n = 1/3 and using the fact that G1/3 =
G3 = 21/12[5, Ch.34, p.189] in the equation (3.21), we deduce that
2048M24−366592M18+481152M12−250432M6−1 = 0, (4.13)
where M =G3/16G48.














Now in the equation (3.20), using the definition of class invariantGn with n = 1/3 and using
the fact that Gn =G1/n, the equation (3.20) reduces to
(Q32+112Q28−1736Q24+4624Q20−7460Q16+4624Q12−1736Q8
+112Q4+1)(Q16+8Q12−36Q8+8Q4+1)2 = 0, (4.15)





We see that the first factor of the above equation (4.15) vanishes for the particular value of
q = e−pi
√

























Now combining the equations (4.14) and (4.17), we arrive at (4.3) and (4.4). 

































Proofs of the equations (4.18) and (4.19). Using Gn and setting n = 1/51 in the equation
(3.30), we deduce that
(M3−6M2−2)(2M3+6M−1)(M4−4M3+7M2−4M+1)(M−1)2(M−2)2
× (2M−1)2 = 0, (4.20)
where M =G3/17G51.
We see that the first factor of the above equation (4.20) vanishes for the particular value of
q = e−pi
√
1/51, hence we deduce that
M3−6M2−2 = 0, (4.21)
Solving the above equation (4.21) for M, we get
M = 2+ (9− √17)1/3+ (9+ √17)1/3. (4.22)
Now in the equation (3.28), using the definition of class invariant Gn with n = 1/51 and
using the fact that Gn =G1/n, the equation (3.28) reduces to
Q18−34Q15−289Q12−1804Q9−289Q6−34Q3+1 = 0, (4.23)












where s and t are as in (4.19).
Now combining the equations (4.22) and (4.24), we arrive at (4.18) and (4.19). 















Proofs of the equations (4.25) and (4.26). Using Gn and setting n = 1/57 in the equation
(3.34), we deduce that
(M6−340M3+1)(M−2)2(2M−1)2(M2+2M+4)2(4M2+2M+1)2 = 0, (4.27)
where M =G3/19G57.
We see that the first factor of the above equation (4.27) vanishes for the particular value of
q = e−pi
√
1/57, hence we deduce that
M6−340M3+1 = 0. (4.28)




Now in the equation (3.32), using the definition of class invariant Gn with n = 1/57 and
using the fact that Gn =G1/n, the equation (3.32) reduces to
(Q2−4Q+1)(Q12+16Q10+112Q8+226Q6+112Q4+16Q2+1)





We see that the first factor of the above equation (4.30) vanishes for the particular value of
q = e−pi
√
1/57, hence we deduce that
Q2−4Q+1 = 0, (4.31)
Solving the above equation (4.31), we get
Q = 2− √3. (4.32)
Now combining the equations (4.29) and (4.32), we arrive at (4.25) and (4.26).
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Remark 4.4. For an alternate proof of (4.25), one can see [5].

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